We prove that a generic multi-Higgs-doublet model (NHDM) generally must contain terms in the potential that violate the custodial symmetry. This is done by showing that the O(4) violating terms of the NHDM potential cannot be excluded by imposing a symmetry on the NHDM Lagrangian. Hence we expect higher-order corrections to necessarily introduce such terms. We also note, in the case of custodially symmetric Higgs-quark couplings, that vacuum alignment will lead to up-down mass degeneration; this is not true if the vacua are not aligned.
I. INTRODUCTION
A recent analysis of data from the LHC has proven the existence of a Higgs-like boson with mass at about 126 GeV [1, 2] , while future investigations might give an indication of a sector of scalar particles beyond the single Higgs boson postulated by the standard model (SM). A natural extension of the SM involving several scalar particles is the SM augmented by several Higgs doublets, resulting in what is denoted multi-Higgs-doublet models (NHDM). In these models, some of the Higgs bosons should be responsible for the generation of the masses of fermions and the electroweak bosons [3] [4] [5] [6] . Other Higgs particles might incorporate the dark matter [7] [8] [9] [10] [11] [12] [13] [14] . In addition, the NHDM naturally accommodates CP violation [13, [15] [16] [17] [18] [19] .
What is usually referred to as the custodial symmetry is an approximate SO(3) symmetry (often denoted SO(3) V ) of the SM: The symmetry is exact in the limit g ′ → 0, where g ′ is the hypercharge coupling constant, in which the gauge bosons W ± , Z form a triplet (with identical masses). The name "custodial" was chosen since the symmetry guards the tree-level relation
from radiative corrections. The radiative corrections are proportional to g ′2 , and hence vanish in the custodial symmetric limit g ′ → 0, for the SM. What we refer to as "the custodial SO(4) symmetry" is the (SU (2) L × SU (2) R )/Z 2 ∼ = SO(4) symmetry which contains the custodial SO(3) symmetry, see sec. II. The custodial SO(4) symmetry is, before spontaneous symmetry breaking, exact in the limit g ′ → 0 for the scalar sector of the SM. Adding scalar SU (2) doublets will not change the treelevel relation (1) . In the limit g ′ → 0 we get the treelevel relations m 2 W = m 2 Z = (g 2 /4)(|v 1 | 2 +. . .+|v N | 2 ) and cos θ W = 1. But additional O(4) violating terms from the potential will contribute to ∆ρ at loop level. Complex vacuum expectation values (VEVs) will also contribute to ∆ρ at higher orders of perturbation theory. If we * Electronic address: marius.solberg@hist.no start with the most general explicitly, i.e. before spontaneous symmetry breaking, CP conserving NHDM potential, this can be written, after a possible SU (N ) scalar basis transformation, as a potential with arbitrary, but real quadratic and quartic parameters [20] . This means that we have no terms linear in the CP violating bilinear operator C, cf. sec. III, while all other parameters in the potential are arbitrary. Hence, the sources of violation of the custodial SO(3) symmetry of a general, explicitly CP invariant NHDM in the limit g ′ → 0 are, (i) the CP conserving while O(4) violating terms of the NHDM potential (i.e. terms of the type C 2 ), cf. sec. III; and (ii) possibly complex VEVs, cf. [21] and sec. II.
Concerning the former source of ∆ρ: The O(4) violating terms of the NHDM potential which are quadratic in the Higgs doublets, will contribute to ∆ρ at 1-loop level. Furthermore, the quartic O(4) breaking terms of the NHDM potential will contribute to ∆ρ at 2-loop level [22] . 1 Although the O(4) violating terms of the NHDM potential in general do not have to be exactly zero, their magnitude will be constrained by ∆ρ, and also by the oblique parameter U . Both ∆ρ and U are zero in the custodial SO(3) symmetric limit [23, 24] , as we already have seen for ∆ρ. The magnitudes of ∆ρ and U will grow with the violation of the custodial SO(3) symmetry. The constraints on ∆ρ and U have for instance already excluded the CP violating 2HDM in a nontrivial region of the parameter space [21] . Since an explicitly CP violating 2HDM will violate CP through O(4) violating quadratic terms, the result puts constraints on these O(4) violating terms. Experimental results in the near future may put further restrictions on both the quadratic and quartic O(4) violating terms of the NHDM potential.
In an earlier paper [25] we investigated symmetry properties of the NHDM. There we saw that the most general (explicitly) C invariant NHDM potential has an O(4) symmetry (extending the custodial SO(4) symmetry) only broken by certain quartic terms in the Higgs fields, of the type C 2 , cf. (8) below. The transformations C and CP are equivalent for the NHDM, see the discussion following (12) . The terms C are odd under charge conjugation C, and hence terms quadratic in C are invariant under C. We showed in [25] that, in case of real VEVs, the presence of terms λ (3) C 2 , cf. (10) , violates the custodial SO(3) symmetry between the charged and C odd Higgs sectors. We argued that the C odd and charged sectors will get identical mass spectra in the limit g ′ → 0, in case the parameters of the type λ (3) initially are set to zero. But when it comes to coupling constant renormalization, terms of the type C 2 may show up as counterterms, even though their corresponding parameters λ (3) initially are set to zero [25] .
Thus a question arises: Is it possible to find a discrete symmetry D which is a symmetry of the C invariant Higgs sector, except that it expels the O(4)-violating terms, i.e. the terms of the type C 2 , from the NHDM potential when it is imposed on the NHDM Lagrangian? If there exists such a symmetry, we may impose this symmetry on the NHDM Lagrangian, and hence avoid terms of the type λ (3) C 2 at all momentum scales.
The discrete symmetry D has evidently to lie beyond the symmetry group of C 2 (which we denoted P ), but has to be a symmetry of the (other) terms of the Higgs Lagrangian. Hence it has to be an element of O(4), which is the largest possible symmetry group of a Lagrangian which can be expressed by real fields organized in quadruplets, provided that the NHDM potential is complicated enough so that different Higgs quadruplets cannot be transformed into each other. As we considered in [25] , the symmetry group of the kinetic Higgs terms may be larger than O(4) if fields with different Higgs indices can be transformed into each other: We there showed that the kinetic terms where invariant under SU (2)× U (N ) in the case of N complex Higgs doublets. The U (N ) component will generally not be a symmetry of the Higgs potential, since the Higgs fields generally will occur in an asymmetric manner in a potential. An element of this U (N ) component of the symmetry group of the kinetic terms, that also is a symmetry of a specific NHDM potential, is denoted a Higgs family (HF) symmetry of that potential [27] . In appendix A we show the only HF symmetry of the quadratic (in the Higgs fields) part of the general C (i.e. CP ) invariant NHDM potential is an U (1) transformation. This is a symmetry of all terms in a NHDM potential, hence a HF symmetry cannot be imposed to prevent the terms of the type C 2 (and these terms only) from occurring in the most general C invariant NHDM potential.
Hence we can state that a symmetry transformation of a NHDM Lagrangian with a sufficiently complicated potential has to be an element of O(4) containing the custodial SO(4) symmetry. In section V B 1 we show that no element of O − (4) (orthogonal matrices with negative determinant) is a symmetry transformation of the kinetic Higgs terms, and hence an exact (discrete or continuous) symmetry of the scalar SM Lagrangian has to be an exact subsymmetry of the approximate custodial SO(4) symmetry. In section V B we show that all these exact subsymmetries of the approximate custodial SO(4) symmetry also are symmetries of the terms C 2 , and hence there is no symmetry that can be imposed on the general C invariant NHDM, which expels the terms of the type C 2 only. Equivalently, there is no symmetry that can be imposed on the general NHDM, which expels the O(4) violating terms of the general NHDM only.
In theories with exact extended supersymmetry we may avoid terms of the type λ (3) C 2 . Here we may set λ (3) to zero at one momentum scale, and it will remain zero at all scales, by the non-renormalization theorem [26] . This does not contradict our result, since we are only considering symmetries of the NHDM, i.e. bosonic symmetries.
This paper is organized as follows: In section II we revise the custodial symmetry of the standard model (SM). In section III we reinvestigate the symmetry properties of the operators which are the building blocks of the NHDM potential, in terms of bidoublets-that is the Higgs fields represented by 4 × 4 complex matrices. Moreover we introduce some terminology, and quote some results from [25] . The subject of section IV is to what extent the O(4)-symmetry containing the custodial SO(4)-symmetry is a symmetry of the different parts of the Higgs and gauge field Lagrangian. Some physical consequences of having custodial symmetric Yukawa couplings are discussed in section IV C. Finally, in section V we search for symmetries beyond the global SU (2) L × U (1) Y for the kinetic Higgs terms, by investigating the adjoint action of O(4) on the Lie algebra u(2), or more concretely, the welldefined O(4) transformations of the gauge bosons, see (31) below and the discussion thereof. Some mathematical discussions are delegated to the appendices.
II. THE APPROXIMATE SO(4) SYMMETRY OF THE SM HIGGS LAGRANGIAN
Let the complex SM Higgs doublet be written
Then the global [29] of the SM Higgs Lagrangian (in the limit g ′ → 0) can be made manifest by rewriting the Higgs doublet as a matrix (bidoublet)
where v is the VEV. Here the Higgs potential will be a function of Tr[Φ †Φ ], and is hence invariant under the global transformationΦ
where U L and U R are SU (2) matrices. The matrix U L represents the usual gauged SU (2) L invariance. On the other hand, U R represents an ordinary global transformation (where the gauge fields, when g ′ → 0, does not transform in parallel with the Higgs doublet).
The SM scalar Lagrangian density can then be written
where the covariant derivative in the present notation is
where σ i are the Pauli matrices. We see that the last term breaks the SU (2) R symmetry because of the factor σ 3 . However, in the limit g ′ → 0 the whole SM scalar Lagrangian has the full SU (2) L × SU (2) R symmetry, when the W fields transform (as usual) as a triplet under (the gauged) SU (2) L and as a singlet under the global SU (2) R symmetry. Some authors refer to SU (2) R as the custodial symmetry [28] , others use the term of the symmetry SU (2) L+R /Z 2 = SO(3) V which leaves the SM vacuum invariant [29] : The VEV ofΦ can be writteň
and it is invariant under the transformation (4),
and if the VEV v is taken to be real. In the NHDM, complex vacua may violate SO(3) V in the same manner as in the SM [21] . In this article we denote the SO(4) ∼ = (SU (2) L × SU (2) R )/Z 2 symmetry as the custodial SO(4) symmetry, as in [30] .
III. THE OPERATORS B AND C OF THE NHDM IN THE BIDOUBLET FORMULATIONΦ
Consider the bilinear (i.e. linear in both Φ m and Φ n ), hermitian operators B and C introduced in (2.3) of [25] , defined by
where Φ i refers to a doublet of the form (2), where every scalar field has an additional index i,
In (8) we let 1 ≤ m ≤ n ≤ N . The most general potential V (Φ 1 , . . . , Φ N ) of the NHDM can then be built up by 2 The operator Am defined in [25] equals Bmm (no sum over m).
products and sums of the operators in (8) . The most general C invariant NHDM potential can then be written
with an implicit sum over repeated indices, where 1 ≤ m ≤ n ≤ N and 1 ≤ m ′ ≤ n ′ ≤ N for terms containing B, and 1 ≤ m < n ≤ N and 1 ≤ m ′ < n ′ ≤ N for terms containing C. We also demand that the two pairs of indices (mn)(m ′ n ′ ) are "lexicographically" ordered to avoid double counting. This means e.g. that indices (12)(13) are included, while indices (13)(12) are excluded in the sums of (10) . See sec. 2 in [25] for a more compact indexing. Superscripts in the parameters λ are chosen to coincide with the notation in [25] .
The corresponding NHDM Lagrangian density is then given by
where the covariant derivative here is defined as
The term 'NHDM Lagrangian' is often used about the Lagrangian density (11) . We will apply the term 'NHDM Lagrangian' as referring to the Lagrangian density (11) augmented by the (kinetic) gauge field Lagrangian given by (34) below. For the NHDM Lagrangian, charge conjugation C and combined charge conjugation and parity transformations, CP , are equivalent. This means the NHDM Lagrangian (or more precisely, the action thereof) is C invariant if and only if it is CP invariant. Actually, it is only the NHDM potential that may be explicitly C/CP violating, all other terms in the NHDM Lagrangian obey C/CP transformations. Moreover, spontaneous CP violation is equivalent with spontaneous C violation, as shown in [25] . Hence the transformations C and CP are, in essence, interchangeable in this article. We prefer most of the time, for the sake of simplicity, to use the notion 'C invariant' etc, and not to involve the parity transformation P : The effect of charge conjugation C on (real representations of) complex Higgs doublets may be implemented by a matrix C ∈ SO(4) cf. (95), while this is not the case for the space-time transformation P . Still, if we want to confer our results e.g. with aspects of the CP (while not C) conserving parts of the electroweak Lagrangian, we could replace the term 'C invariant' by 'CP invariant' and so on.
In the same manner as in the last section, we will now show that the operator C does not share the SO(4) symmetry held by the rest of the NHDM potential: LetΦ i refer to a bidoublet of the form (3), where every scalar field has an additional index i. A simple calculation shows that
while
The latter confirms that the operator C, in contrast to B, does not have the SU (2) R [and hence neither the SO(4)-] symmetry since the presence of the factor σ 3 hinders us from utilizing the cyclic property of the trace. Furthermore, the identity
infers that operators of the type C 2 , in the same manner as for C above, do not share the SO(4) symmetry of a NHDM potential built up by the operators of the types B and B 2 only. This is also shown in section 2.2 of [25] , but in a different manner: Here we showed that the symmetry group of C is Sp(2, R), while the symmetry group of C 2 is P (2, R), with
Here the real symplectic group Sp(2, R) is defined by
with
where 0 k and I k is the k × k zero matrix and the k × k identity matrix, respectively. The component P (2, R) − of the Lie group P (2, R), defined by
consists of matrices with determinant
In the relevant case k = 2, P − evidently consists of 4 × 4 matrices with determinant 1. The same is true for Sp(2, R).
The custodial SO(4) symmetry however, is not a subset of P (2, R), and is hence not a symmetry of the operators of the type C 2 (nor C). See figure 1 for a diagram showing the intersections of the most important symmetry groups in this article.
IV. SYMMETRIES OF THE KINETIC TERMS
We now turn to the (global) symmetries of the kinetic terms of the NHDM Lagrangian,
We will let K i denote the terms of the i'th order in the gauge fields.
Now we will start investigating the possibility of having discrete or continuous symmetries beyond the global
3 , in the scalar sector. We do this by writing the NHDM Lagrangian in real form, i.e. we write the complex Higgs doublets as real quadruplets. In [25] we demonstrated that the kinetic terms of the NHDM Lagrangian has a symmetry group containing SU (2) × U (N ) (enhanced to SU (2) × Sp(N ) in the limit g ′ → 0), when we allowed the different Higgsfields to transform into each other. In the analysis below, we will not consider the possibility of different Higgsdoublets transforming into each other, since these transformations will not be symmetries of the general C invariant NHDM potential, see appendix A.
Consider the kinetic terms not involving gauge fields, K 0 , of the Higgs Lagrangian,
where the complex Higgs doublet (Φ n ) 2 = Ψ n + iΘ n is written in real form, as a quadruplet from now on denoted
We see that we can assign the terms K 0 a O(4) symmetry by
3 More precisely we have
, where the divisor Z 2 is necessary since multiplication by −I can be expressed both by SU (2) and U (1). We can hence identify elements
Only multiplication by −I ∈ U (2) can be expressed both by U (1) and SU (2): Assume U = exp(iα)I ∈ SU (2). Then 1 = det(U ) = exp(2αi), and hence α = π, i.e. exp(iα) = −1. (4) symmetry group is the custodial symmetry,
Y is the global symmetry of the SM, Sp(2, R) is the symmetry group of operators of type C, while P (2, R) is the symmetry group of operators of type C 2 . Finally, O(4) is the symmetry group of operators of type B. Charge conjugation C will be an element of P (2, R)
, and the same is true for the matrix J of (18) with O ∈ O(4) and Φ m given by (24) . The terms K 0 are invariant under the transformation (25) 
cf. appendix B of [25] . Then the image of U (2) under ρ,
is the global symmetry of the SM, when the fields are written as real quadruplets. The map ρ is an isomorphism onto its image ρ[U (2)], and hence
] is a way to write U (2) in real form).
We can then, as we showed in [25] , write
where the subscript 2 in (Φ n ) 2 indicates this is the usual complex Higgs doublet, while Φ n is the four-dimensional real vector (24) . Furthermore, the 4 × 4 matrix T µ ,
is given by [25] 
with 2 σ 2 , where σ 2 is the imaginary Pauli matrix. The matrix I 2 is the 2 × 2 identity matrix.
We then see that the kinetic terms K 1 apparently are invariant under the O(4) transformation (25) if we let the matrix T µ transform
simultaneously with (25) . As we will see, can the transformation (31) be described as the adjoint action of O(4) on the Lie algebra u(2) (the latter is represented by the matrix T µ ). The SM gauge bosons transform as usual
where uG µ u † is the way the gauge fields transform (globally) in the SM (they transform under the adjoint repre- [38] . We will in sec. V B 1 note that in the case g ′ → 0, the combined transformations (25) and (31) give us the custodial SO(4) symmetry.
The only problem is that the transformation (31) might not be well-defined for choices of O beyond the global gauge group U (2). The transformation is only welldefined when it induces consistent transformations of each of the fields; i.e. it is well-defined when it makes each of the fields transform in the same manner everywhere in the matrix T . For instance, we cannot accept that B Third, we consider the kinetic terms quadratic in the gauge fields,
which obviously are invariant under the O(4) symmetry given by eqs. (25) and (31), when the latter transformation is well-defined.
B. The gauge field Lagrangian
In this section we want to show that transformation (31) also is a symmetry of the kinetic part of the gauge field Lagrangian. The reason for this is to ensure that symmetries contained in O(4) are not violated by higher order diagrams involving diagrams generated by the (kinetic part of the) gauge field Lagrangian.
Consider the kinetic terms of the gauge field Lagrangian, formulated as the trace of the commutator of two covariant derivatives [as given in (12)],
A general relation is
where the last equality is valid when the trace is real, as it is in (34) . Then
since ρ preserves matrix multiplication and addition, and since the partial derivatives commute. (36) is invariant under the transformation (31), by the cyclic property of the trace.
C. Yukawa couplings
The most general Yukawa couplings of the quark sector are of the form [17] 
where summation over j = 1, 2, . . . , N is implicit. The symbolQ L denotes a 1 × 3 vector consisting of the three left-handed quark doublets,
where n R and p R denote (following the notation of [17] ) 3 × 1 vectors consisting of the right-handed quark fields,
and where each of these six quark fields is a fourcomponent Dirac spinor. Γ j and ∆ j are arbitrary, complex 3 × 3 matrices. Moreover, the complex doubletΦ j is defined byΦ
where Φ j is defined in (9) . The authors of [21, 31, 32] has in the context of the 2HDM shown that the imposition of the custodial symmetry on the Yukawa couplings yields constraints on the coupling matrices Γ j and ∆ j , with consequent mass degeneration of the up-and down-type quarks in the Higgs basis (i.e. mass degeneration of the quarks in the case of vacuum alignment). Following [21] we may in the NHDM, after a possible change of scalar field basis 4 [30] , write the custodial symmetric Yukawa terms for the quarks as
whereΦ j = (Φ j , Φ j ) is a 2 × 2 complex matrix, generalizing the bidoubletΦ of (3) to the NHDM. (41) is then invariant under the custodial
By comparing eqs. (37) and (41) we see that we need to have
for j = 1, . . . , N to get custodial SO(4) symmetric Yukawa terms for the quarks. Then the mass matrices of the up and down-type quarks are given by
with a implicit sum over j. In the case of vacuum alignment, all VEVs v j are either real, or all VEVs v j are imaginary. Then the two mass matrices of (43) will yield identical masses when bidiagonalized, and hence we have mass degeneration of up-and down-type quarks in the case of vacuum alignment. Therefore, in the case of vacuum alignment, the custodial SO(4) symmetry of the quark-Higgs coupling terms must be broken (before spontaneous symmetry breaking), to avoid up-down mass degeneration. If we do not have vacuum alignment, we only necessarily get identical masses from the bidiagonalization of the mass matrices of (43) in the case N = 1. If N ≥ 2, we will generally not get up-down mass degeneration, since the matrices M u = Γ j v * j and M d = Γ j v j (summed over j) will infer different diagonal matrices D. Still, the presence of several non-zero Yukawa coupling matrices Γ j generically will infer flavor changing neutral Yukawa interactions (FCNYI) [17] , since e.g. M d = Γ j v j and each Γ j generally will not be diagonal in the same basis. FC-NYI can be avoided by demanding that all matrices Γ i [17] . For the 2HDM, scenario (i) is denoted 2HDM type I, while scenario (ii) is known as 2HDM type II. The minimal supersymmetric standard model (MSSM) contains a Higgs sector which is a specific variant of the 2HDM type II. We see that (i) for the NHDM is consistent with a SO(4) symmetric Yukawa sector, when e.g. Γ 2 = ∆ 2 = 0, while the other coupling matrices equal zero. But this will still infer up-down mass degeneration, since M d = Γ 2 v 2 and M u = Γ 2 v * 2 are bidiagonalized to the same diagonal matrix. Scenario (ii) is not consistent with a SO(4) symmetric Yukawa sector, since e.g. Γ 1 = 0 while ∆ 1 = 0 is inconsistent with (42) .
On the other hand, if we in the NHDM let Γ 1 and Γ 2 be diagonal and Γ j = 0 for j > 2, we can get custodial symmetric Yukawa couplings of the quarks, realistic quark masses and no FCNYI. The constraints on the Yukawa coupling matrices can be enforced by discrete symmetries. The mass matrices will then be diagonal in the same bases as the coupling matrices, and hence we will have no FCNYI. Moreover, the mass matrices can be bidiagonalized (made real) by diagonal matrices. But then the CKM matrix will become diagonal, contrary to experiment.
Another possibility is the case where the Yukawa coupling matrices are proportional to each other, a scenario denoted Yukawa alignment [33] . Then the Yukawa coupling matrices are of the form
where each d j is a complex number, and d 1 = 1. When the Yukawa couplings of the quarks are custodial symmetric, the quark mass matrices will become
Then the mass matrices and the coupling matrices will be diagonal in the same bases, since they are all proportional, and we will have no tree-level FCNYI. If all constants d j are real, we will get up-down mass degeneration, since the mass matrices will differ only by an all-over complex phase. But if some of the numbers d j have a non-zero imaginary part, the mass spectra of M u and M d will in general differ. Complex constants d j may also be a source of CP violation. Unfortunately, the proportionality assumption (44) is in general not radiatively stable [34] , and we may obtain large, radiatively generated FCNYI [35] . Mechanisms for natural suppression (i.e. suppression through an exact or approximate symmetry) of FCNYI (where the FCNYI are suppressed, but non-zero) might still allow for custodial symmetric Higgs-quark couplings, without up-down mass degeneration. For instance, BGLtype models [36] where flavor changing couplings of neutral scalars are fixed by quark masses and elements of the CKM matrix. Here the flavor changing couplings are suppressed by some of the measured, small off-diagonal elements of the CKM matrix. Another way of suppressing FCNYI is by heavy neutral scalars, where the scalars have to be in the TeV range [17] . Scalar masses in the TeV range are regarded as unnatural, but is consistent with the recently measured, NHDM-sensitive branching fraction of the rare decay B 0 s → µ + µ − , which was found to be in agreement with the SM expectation [37] . Some fine-tuning of the Yukawa couplings will still be needed to avoid too much FCNYI mediated by the SM Higgs.
If the VEVs are not aligned, we may, if the NHDM potential is explicitly CP symmetric, have spontaneous CP violation. Moreover, the custodial SO(3) V symmetry will be spontaneously broken. If the potential is SO(4) symmetric, 5 of 6 SO(4) generators will be spontaneously broken by the non-aligned VEVs. 3 of these 5 broken generators will generate the Higgs ghosts. The two other broken generators will yield a pair of charged, nearly massless pseudo-Goldstone bosons (massless to zero'th order in g ′ ) [25] . Imposing the custodial symmetry on the Yukawa coupling terms of the leptonic sector will lead to constraints analogous to (42) on the coupling matrices of the leptonic sector.
V. THE ADJOINT REPRESENTATION OF O(4)
To decide which transformations beyond U (2) make the transformation (31) well-defined, we have to consider the adjoint representation of O(4). We know the standard model gauge fields transform as the adjoint representation of U (2), which is, written in real form, a subrepresentation of the adjoint representation of O(4). For a matrix d ∈ O(4) − U (2) such that (31) is well-defined for O = d, the matrix d generates a discrete symmetry of the kinetic terms of the electroweak Lagrangian. Furthermore, if we could find such a d ∈ O(4) − P (2, R) (where P (2, R) is the symmetry group of the operators of the type C 2 , defined in (16), see also figure 1), we could impose this discrete symmetry on the C invariant NHDM Lagrangian and hence avoid terms proportional to the O(4)-violating (but C invariant) operators C 2 . Then we, because of the discrete symmetry, would have excluded these O(4)-violating terms both from the original potential and during renormalization.
A. Some mathematical preliminaries
Generally, the adjoint representation of a (matrix) Lie group G is a homomorphism
where g is the Lie algebra of G and
for g ∈ G and X ∈ g. Ad is now a representation of G, acting on the vector space g. The linear transformation Ad(g) on the Lie algebra g is called the adjoint action of g on g. The set of all such linear transformations,
is called the adjoint action of (the Lie group) G on (its Lie algebra) g. Moreover, the set GL(g, R) is the set of all linear, invertible transformations L, on the real vector space g. If the dimension of g is n (i.e. g has n basis vectors) GL(g, R) consists of all real, invertible n × n matrices. In the case G = SO(4), and hence g = so(4) (which we will consider in the next section), the dimension of g is n = 6, and therefore GL(so(4), R) will consist of all real, invertible 6 × 6 matrices. Denote the image Ad[G] of the adjoint representation Ad G , where Ad G ⊂ GL(g, R) . When G is connected, the kernel of the adjoint representation is the center Z(G) of
The first isomorphism theorem of group theory then gives us
In the case of SO (4), which is connected, Z(SO(4)) = {±I}. Hence
Now the group SO(4) is not simple, in contrast to SO(N ) for N = 3 and for N ≥ 5. Therefore SO(4) can be, modulo its center {±I}, written as a direct product [46] SO(4)/{±I} ∼ = SO(3) × SO(3).
Hence, we have that
which we also will see explicitly below.
B. The effect of the adjoint action
We will now explicitly consider the effect of the adjoint action of O(4) (in fact on the Lie algebra u(2), here parametrized by the gauge boson matrix T µ ), to see if it permits any symmetries beyond the (global) U (2) = SU (2) L × U (1) Y symmetry of the SM. We regard the real variant of U (2); embedded in SO(4) by the map ρ, and try to see if the adjoint action (31) can be well-defined for any matrices
where U (2) in reality is "shorthand" for ρ[U (2)], the image of U (2) under ρ. (We will do similar abbreviations many places in this article, as implied by the context.) The sets U (2) and ρ[U (2)] are the same Lie group, but the latter is expressed by real numbers. The matrix T only contains the gauge fields of the SM (W 1 , W 2 , W 3 , B), that is, gauge fields corresponding to the Lie algebra u(2) ⊂ so(4) (here u(2) is written in real form, i.e. u(2) is here shorthand for ρ[u(2)]). Hence the adjoint action (31) often will demand the extra gauge-fields X and Y of o(4) − u(2), for all gauge fields to transform in consistent manners in T , when the transformation (31) is carried out with an O ∈ O(4) − U (2). We will in the subsequent search for transformations O ∈ O(4) − U (2) which do not demand the introduction of the extra gauge-fields of o(4) − u(2) to make the adjoint action (31) Now regard the basis of the Lie algebra so(4) given by
where X j = ρ (i/2)σ j , j = 1, . . . , 3, and X 4 = ρ ((i/2)I 2 ), i.e. the generators X 1 , . . . , X 4 are real forms of the generators of the SU (2) L × U (1) Y gauge group. Hence X 1 , . . . X 4 corresponds to the SM gauge bosons W 1 , W 2 , W 3 , B, while X 5 , X 6 would, if we regarded a full SO(4) gauge symmetry, correspond to two non-SM gauge fields X and Y .
5 Then, since T = ρ(G) (here we suppress the Lorentz index µ),
5 The Lie algebra so(4) ∼ = su(2) ⊕ su(2), and in our notation the matrices X 1 , X 2 , X 3 is a basis for one copy of su(2) while X 4 , X 5 , X 6 is a basis for the other copy of su (2) . The matrices X 5 , X 6 are chosen such that the usual commutator rules for the Lie algebra su(2) are valid, for instance will [X 5 ,
j=4 t j X j ] = 0 for t 1 , . . . , t 6 ∈ R, as the definition of a direct sum of Lie algebras demands. where w j = gW j for j = 1, 2, 3, and
and we also define
Since the Lie group SO(4) is compact and connected, exponentiation of its Lie algebra generates the whole group: exp[so(4)] = SO(4). Moreover, we can write SO(4) as a product of exponentiated generators ("oneparameter subgroups")
Obviously U ⊂ SO (4), since all the exponentials are elements of SO (4). The equality U = SO(4) will be demonstrated explicitly below, cf. the discussion following (70).
We will now consider each exponentiation e tiXi of the generators X i , and see which effect each of them has on the Lie algebra so(4) under the adjoint action [the adjoint action will yield a linear transformation on so(4), according to (46) ]:
Let P ij (θ) denote the 6 × 6 matrix with elements
with all other elements equaling zero. For instance, P 24 (θ) is then given by 
Let so(4) be expressed by the basis {X i } of (56). Then, for example, the effect of e t1X1 ∈ SO(4) on so(4) by the adjoint action is [see eqs. (31) and (47)],
where w X = 6 i=1 w i X i is a general element in so (4), and where the effect is summarized by the 6 × 6 matrix E 1 . Hence Ad(e t1X1 ) maps w to w ′ = E 1 w. Thus, the effect E i of each e tiXi (no sum over i) on so(4) by the adjoint action, can then be calculated by the formula e tiXi w Xe −tiXi = E i w to be
Moreover, the effect E r of the reflection 
The effect of the general element u = e t1X1 e t2X2 · · · e t6X6 of U ⊆ SO(4), U introduced in (60), is then given by
where
Combining eqs. (64) and (68), we get
which is just the general element of SO (3), written in the "xyz (pitch-roll-yaw) convention" [40] . Hence the effect E of the general element u of the set U in (60) is just SO(3) × SO(3), since (69) yields two independent copies of SO(3). Since we already, in (53), stated that Ad SO(4) = SO(3) × SO(3), we know that the parametrization U of (60) covers the whole of SO (4), at least modulo multiplication by ±I, cf. (52), where I denotes the identity. Moreover, since all exponentials e tj Xj (no sum over j) consists of sines and cosines of angles t j /2 we can express multiplication by minus the 4 × 4 identity, −I 4 , in U ;
for any fixed j ∈ {1, . . . , 6}. Hence U = ±U = SO(4), since all elements of all equivalence classes in SO(4)/{±I} are elements of U , cf. eqs. (52) and (60). We do not want to introduce gauge bosons beyond the SM, neither before nor after application of the adjoint action. Hence the parameters w 5 , w 6 and w 
and the discussion after). Then we have to demand that some of the elements of E equal zero, namely
We want to find for which values of the angles t 1 , . . . , t 6 the effect of the adjoint action E does not force us to introduce non-SM gauge bosons X and Y , corresponding to w 5 = g X X and w 6 = g Y Y . It is then sufficient to consider a matrix
for if
then the matrix E 1 · · · E 4 ,
does not introduce non-SM gauge fields when applied on the vector w ′ of (74), that is,
since w ′′ 5 = w ′′ 6 = 0. Combining the expression forẼ of (73) and the relation w ′ =Ẽ w for this case (w 5 = w 6 = w
We hence see that the only non-trivial constraints arẽ E 54 =Ẽ 64 = 0.
The constraintsẼ 54 =Ẽ 64 = 0 read − sin(t 6 ) = 0, cos(t 6 ) sin(t 5 ) = 0,
and hence,
So we have
not necessarily with the same n for both t 5 and t 6 . Now we want to check if the constraints (82) are consistent with any (discrete) symmetries d ∈ SO(4)− P (2, R), i.e. symmetries beyond the symmetry group of the operators of the type C 2 . The general element of SO (4) 
but it is enough to consider matrices 
where we have defined
We hence find that the matrix O of (84) depends on angles t i /2 for i = 5, 6. Then we have to regard the cases where
cf. (82). We then find that
while we otherwise (e.g. for t 5 = t 6 = 0) have
Eqs. (87) and (88) are found by comparing the form of O, given by eqs. (84) and (86), with respectively the forms 6 Let u ∈ U (2) ⊂ P (2, R) and d ∈ SO(4) − P (2, R). Then ud / ∈ P (2, R): Assume the opposite, ud ∈ P (2, R).
, where d ′ = e t 5 X 5 e t 6 X 6 , and we only have to consider matrices of the same form as d ′ .
(B3) and (B5) given in Appendix B. The set P (2, R) − in (87) is a component of the symmetry group of the operators of the form C 2 , see (16) . By considering the actual values of the angles t 5 and t 6 instead of half the angles, eqs. (87) and (88) can equivalently be written
(89) shows that we get symmetries beyond the gauge group U (2) if and only if the field B µ changes sign,
since the parameters w (79), where E 44 = cos(t 5 ) cos(t 6 ) (69). Moreover, (90) shows that B µ transforms as
as it should according to the SM. Furthermore, in appendix C we show that the symmetry group component the symmetries of (89) belong to, can be written
for any
This is especially true for S = C ∈ SO(4) ∩ P (2, R) − , where C is the charge conjugation operator. We implemented C ∈ SO(4) ∩ P (2, R) − as
in [25] . This corresponds to the transformation C(Φ) = Φ † of a complex scalar doublet. If we want to include the possibility of a complex phase, i.e. C(Φ) = e iα Φ † , where Φ is a complex Higgs doublet, we still get C ∈ SO(4) ∩ P (2, R) − (this can be shown by an argument similar to the one in footnote 6). Hence the arguments below are unaltered by a possible introduction of a phase α = 0. Now, since (by appendix C)
we get that the Lie group G defined by
can be written
Since both U (2) and U (2)C are two sets of symmetries of the kinetic Higgs terms, the Lie group G is a symmetry group of the kinetic Higgs terms. There are by eqs. (89) and (90) no symmetries of the kinetic Higgs terms of the SM beyond the group G. This result is also derived in [41] , and it proves the sometimes-cited claim that the only symmetry of the kinetic terms, except for gauge transformations, is CP . The group G is also the maximal symmetry group of a NHDM Lagrangian, provided that the NHDM potential is complicated enough not to allow any HF symmetries (beyond an overall U (1) transformation). Hence G is the largest symmetry group of a NHDM Lagrangian with a sufficiently complicated potential, e.g. the most general C-invariant NHDM Lagrangian, see appendix A. If we only regard the kinetic terms of the NHDM Lagrangian, the maximal symmetry group will be SU (N ) × G, where SU (N ) are the Higgs family symmetries. The U (1) Y hypercharge symmetry is, as we have seen, contained in G.
By (52) we can write SO(4) ∼ = SU (2) L × SO(3) and by footnote 5 the three generators of SU (2) L commutes with the three generators of SO (3
Charge conjugation C will, along with U (1) Y , be a part of SU (2) R . Hence C and U (1) Y will commute with SU (2) L . We can therefore write
since U (1) may be mapped onto SO(2) by the map ρ given in (26) , while C may be mapped to an arbitrary matrix with determinant −1. Now we get that G ∼ = SU (2) × O(2), but since both SU (2) and O(2) can express multiplication of the fields by (−I), we divide by Z 2 to avoid a double covering of G, where G is given in eqs. (98) and (99). Hence we have (2) can also be written as the semidirect product SO(2) ⋊ Z 2 . Since CU (2)C ⊆ U (2), U (2) will be a normal subgroup of G, and we can hence also write
Note that G cannot be written as the direct product of U (2) and Z 2 . In fact,
for any group H, since the center of G is finite while the center of U (2) × H will be infinite, see Appendix D. However, we find no well-defined SO(4) transformation of the kinetic Higgs terms beyond the symmetry group P (2, R) of the operator C 2 . Hence, there is no discrete nor continuous symmetry we can impose on the NHDM Lagrangian to exclude the terms of the type C 2 . (Again, assuming the potential is complicated enough to exclude the possibility of HF symmetries beyond an overall U (1) transformation. This is the case for the most general, explicitly C invariant NHDM potential, cf. appendix A.) The result may, in the context of the 2HDM, also be derived from the classification of the six classes of possible symmetries that may be imposed on the 2HDM, summarized in [19] . This summary is based on [42] [43] [44] . Among the listed symmetries there is no symmetry or combination of symmetries which infer the constraint (λ 4 − Re(λ 5 )) = 0. Here (λ 4 − Re(λ 5 )) is the parameter of the O(4) violating, C respecting term in the 2HDM, which we may write (λ 4 − Re(λ 5 )) C 2 12 , cf. the 2HDM notation given in Appendix A. 7 Hence there is no symmetry that can be imposed on the 2HDM to remove this term.
The custodial SO(4) symmetry
On the other hand, if we also set g ′ = 0 (i.e. w 4 = w ′ 4 = 0, since these are the parameters corresponding to the generator X 4 of the U (1) Y gauge group, see (56) and the subsequent discussion), we see from eqs. (79) and (76) that all symmetries are well-defined, and hence the whole SO(4) is a symmetry group of the SM Higgs Lagrangian. This is the custodial SO(4) symmetry from section II, demonstrated in an alternative manner (for the kinetic terms).
C. The adjoint action of elements of O(4)

−
We also want to consider the adjoint action of elements of O (4) − , the orthogonal matrices with determinant −1, and see if it can yield any (discrete or continuous) symmetries of the kinetic terms. The general effect of the adjoint action of an element of O (4) − can be written
cf. (68), where E r is given in (66), and we calculate E − to be of the form
7 This notation is essentially the same as in [19] . where 0 3 is the 3 × 3 zero matrix, and where the exact expressions of the 3 × 3 matrices C and D are irrelevant for the argument below.
In case E − represented a well-defined adjoint action (i.e. the non-SM parameters equal zero: w
But then all gauge fields W j , j = 1, 2, 3 (the Lorentz index µ is suppressed) are transformed into some real number times the field B, since w j = gW j for j = 1, . . . In this case W j , j = 1, 2, 3 would have to be mapped to 0, so this mapping could have no inverse, hence it cannot be an element of (the adjoint representation of) O(4). This means the custodial SO(4) symmetry cannot be extended by any (discrete or continuous) symmetry in O(4). The result is also derived in [41] . It is also proven by one of the results in [45] . In this article all 13 possible accidental symmetry groups of a 2HDM potential, together with the kinetic Higgs terms in the limit g ′ → 0, are determined. Here the maximal symmetry group, in case of a potential consisting of all possible O(4) symmetric terms of the (in our terminology) type B and B
2
(but transformed into a specific basis, see appendix A), is determined to be SO(3) × SU (2) L ∼ = SO(4). I.e. the custodial SO(4) symmetry is the maximal symmetry group of the kinetic Higgs terms in the limit g ′ → 0 (when we are not regarding SU (N ) HF-symmetries).
VI. SUMMARY
By studying which O(4) transformations
] of the gauge bosons are well-defined, we found the maximal set of symmetry transformations of the kinetic Higgs terms in the SM to constitute the Lie group G = SO(4) ∩ P (2, R) ∼ = SO(3) × O(2). The maximal symmetry group of the kinetic terms of the NHDM was then SU (N ) × G. The Lie group P (2, R) was the symmetry group of operators of the form C 2 , that is the O(4) violating terms in the general, explicitly C (i.e. CP , cf. comment after (12)) invariant NHDM potential. Hence, we could find no discrete nor continuous symmetry that is a symmetry of the kinetic terms and the quadratic (in the Higgs fields) terms of the type B, while not a symmetry of the terms of the type C 2 . To show this, we also used the fact that the Higgs family symmetries of a potential containing all terms µ mn B mn , m ≤ n, also are symmetries of the terms of the type C 2 , cf. appendix A. This means there is no symmetry we can impose on the general NHDM Lagrangian, to exclude the O(4) violating terms from the NHDM potential, and to prevent them occurring as counterterms during coupling constant renormalization.
As implied above, we found there are no symmetries of the kinetic Higgs terms in the negative determinant component O (4) − of O(4). This was so, even in the limit g ′ → 0. Hence, the custodial SO(4) symmetry cannot be extended by elements of O (4) − . In sec. IV C we saw that if we impose the SO(4) custodial symmetry on the Yukawa couplings of the quarks, it will infer up-down mass degeneration, if the VEVs are aligned (e.g. by all VEVs being real). If the VEVs are not aligned, the up-and down-type mass matrices M u and M d in general will yield distinct mass spectra. Then we might obtain models with custodial symmetric Yukawa couplings of the quarks, realistic quark masses and CKM matrix, and suppressed flavor changing neutral Yukawa interactions. If the NHDM potential is SO(4) symmetric (before spontaneous symmetry breaking), the aforementioned non-alignment of the VEVs also will cause a pair of light, charged pseudo-Goldstone bosons to emerge.
where U kk = exp(iα k ). Hence the HF symmetries that keep all terms µ mn B mn simultaneously invariant for all m, n with 1 ≤ m ≤ n ≤ N , is an U (1) transformation
for all j, 1 ≤ j ≤ N . But this transformation also leave all terms C mn and C mn C m ′ n ′ invariant, and hence the transformation cannot be applied to remove terms of the type C 2 . The result in (A10) and above is consistent with a result in [45] . Here the maximal symmetry group of the general C invariant 2HDM potential (expressed in the diagonally reduced basis) is found to be the group generated by CP (i.e. C) and U (1) Y .
The general 2HDM potential of [45] can be expressed by the bilinear operators B and C, in terms of the parameters given in [45] as V = −µ (A11)
All parameters in (A11) are real (in some cases by taking the real or imaginary part of a complex parameter). In the diagonally reduced basis, we can furthermore set Im(λ 5 ) = 0 and λ 6 = λ 7 . Then the potential symmetric under C and U (1) Y (in addition to SU (2) L ) corresponds to the constraints Im(m 
which is the most general C invariant 2HDM potential, expressed in the diagonally reduced basis. We note that it, according to both [45] and (A10), has no HF symmetries (beyond U (1) Y , when we consider this as a HF symmetry). In the case [λ 4 − Re(λ 5 )] = 0, we see that the symmetry is enhanced, since the potential then only contains O(4) symmetric operators (of the type B). When we include the Kinetic Higgs terms in the limit g ′ → 0, the maximal total symmetry becomes SO(4), cf. sec. V C. We also noted in sec. V C that this is consistent with a result in [45] , which determines this 2HDM to have the maximal symmetry group SO(3) × SU (2) L ∼ = (SU (2) × SU (2) L )/Z 2 ∼ = SO(4). Finally we note that the greatest symmetry group of any 2HDM potential, with kinetic terms in the limit g ′ → 0, is in [45] calculated to be SO(5) × SU (2) L . This symmetry corresponds to a potential with the additional restrictions µ [25] , where we determined the symmetry group of the kinetic terms in the limit g ′ → 0 to be Sp(N ) × SU (2) L , where Sp(N ) is the quaternionic symplectic group. The agreement is proven by the isomorphism SO(5) ∼ = Sp(2)/Z 2 (see [46] p. 430), where the Z 2 factor reflect that we can express multiplication of the fields by −I both in SU (2) L and Sp(2) (since SU (2) R ⊆ Sp(N )).
Appendix B: The form of some O(2k) matrices Let S ∈ O(2k) (the case k = 2 is the most interesting for this article), and let
Then the condition S T J S = J [i.e. S ∈ Sp(k, R)] can be written
which, by the definition (B1) of J , forces the solutions of (B2) to be exactly the matrices in O(2k) of the form
for arbitrary k × k matrices A, B. Again, let S ∈ O(2k). Then the equation the condition S T J S = −J [which is the definition of S ∈ P (k, R) − ], can be written
which forces the matrices S to be exactly the ones in O(2k) of the form
for arbitrary k × k matrices A, B.
Appendix C: The component SO(4) ∩ P (2, R)
−
In this appendix we want to prove that U (2)S = SO(4) ∩ P (2, R) − ,
for any S ∈ SO(4) ∩ P (2, R) − . First, we claim the set P (2, R)
− is given by P (2, R) − = Sp(2, R) S = S Sp(2, R),
for any S ∈ P (2, R) − :
P(2, R) − ⊆ Sp(2, R)S: Let S ′ ∈ P (2, R) − . Then S ′ S ∈ Sp(2, R) since
Then S ′ = T S for T = S ′ S −1 ∈ Sp(2, R), i.e. S ′ ∈ Sp(2, R)S. This is true since S ′ , S −1 ∈ P (2, R) − infer S ′ S −1 ∈ Sp(2, R) by (C3). (S −1 ∈ P (2, R) − since S ∈ P (2, R)
− .) Similarly with S Sp(2, R). P(2, R) − ⊇ Sp(2, R)S: On the other hand, if T ∈ Sp(2, R), then
(T S)
T J (T S) = S T J S = −J ,
so then T S ∈ P (2, R) − . Similarly, ST ∈ P (2, R) − . Now we can derive (C1): Let S ∈ P (2, R) − ∩ SO(4). Then U (2)S = (SO(4) ∩ Sp(2, R))S = (SO(4)S) ∩ (Sp(2, R)S)
the last equality by (C2).
